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NOTES ON TWO-PARAMETER QUANTUM GROUPS, (II)
NAIHONG HU⋆ AND YUFENG PEI†
Abstract. This paper is the sequel to [11] to study the deformed structures and
representations of two-parameter quantum groups Ur,s(g) associated to the finite
dimensional simple Lie algebras g. An equivalence of the braided tensor categories
Or,s and Oq is explicitly established.
1. Introduction
In [11], the authors introduced an unified definition for a class of two-parameter
quantum groups Ur,s(g) associated to finite-dimensional simple Lie algebras g in terms
of the Euler form and showed that the positive parts of quantum groups are 2-cocycle
deformations of each other as graded associative algebras if two parameters r, s satisfy
certain conditions. This work is a continuation of the paper [11] to characterize the
structure of two-parameter quantum groups Ur,s(g) and the category of Ur,s(g)-modules.
In this paper, with the help of (r, s)-skew derivations introduced in [11], we prove the
positive part U+r,s has a natural Ur,s(g)-module algebra structure. Partially motivated
by Doi-Takeuchi’s [7] and Majid’s [13] results on Hopf 2-cocycle deformation theory,
we show that the two-parameter quantum groups Ur,s(g) can be obtained from the
one-parameter quantum group Uq,q−1(g) by twisting the multiplication via an explicit
Hopf 2-cocycle σ, that is,
Ur,s(g) ≃ U
σ
q,q−1(g), (as Hopf algebras). (1)
It is noticed that this kind of deformation of the algebra structure depends on its coal-
gebra structure. Inspired by Hodges-Levasseur-Toro’s [9] work on the multi-parameter
quantum groups, we prove that Ur,s(g) can be deformed from Uq,q−1(g) as bigraded
⋆N. Hu, supported in part by the NNSFC (Grants 10431040, 10728102), the PCSIRT, the Na-
tional/Shanghai Leading Academic Discipline Project (Project Number: B407).
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structures by twisting the multiplication via a bicharacter ζ of the free abelian group
Q×Q (where Q is the root lattice of g):
Ur,s(g) ≃ Uq,q−1,ζ(g), (as Q-bigrading Hopf algebras), (2)
which recovers Theorem 3.3 in [11] when it is restricted to the positive part of Ur,s(g).
As an application, we give a new and simple proof for the existence of nondegenerate
skew Hopf pairing on Ur,s(g), which were studied previously in [5, 3] where verifying
the (r, s)-Serre relations to be preserved resulted in rather involved formulas.
Representation theory of two-parameter quantum groups Ur,s(g) under the assump-
tion rs−1 being nonroot of unity has been investigated in [6, 4], for g classical. It was
showed that the category Or,s of finite-dimensional weight Ur,s(g)-modules (of type 1)
is a semisimple braided tensor category. A natural question is to find the explicit rela-
tions between the categories Or,s and Oq, where Oq is the category of finite-dimensional
weight Uq,q−1(g)-modules (of type 1) ([10]) and g is of finite type. Our main theorem is
Theorem As braided tensor categories, the categories Or,s and Oq are equivalent.
This paper is organized as follows. In Section 2, we recall the definition of the
two-parameter quantum groups given in [11] and some basic properties. In Section
3, we show that U+r,s is a Ur,s(g)-module algebra. Section 4 is devoted to the study
of a certain Hopf 2-cocycle deformation of Uq(g). In Section 5 we discuss bigraded
deformation of Hopf algebras. In Section 6, we give a new and simple proof for the
existence of nondegenerate skew Hopf pairing on Ur,s(g) and obtain an equivalence of
the braided tensor categories.
2. Two-parameter quantum groups
2.1. Let us start with some notations. For n > 0, let
(n)v = 1 + v + · · ·+ v
n−1 =
vn − 1
v − 1
.
(n)v! = (1)v(2)v · · · (n)v and (0)v! = 1.(
n
k
)
v
=
(n)v!
(k)v!(n− k)v!
, [n]v =
vn − v−n
v − v−1
.
[n]v! = [1]v[2]v · · · [n]v, [0]v! = 1,
[n
k
]
v
=
[n]v!
[k]v![n− k]v!
.
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Throughout the paper, we denote by Z, Z+, N, C and Q the sets of integers, of pos-
itive integers, of non-negative integers, of complex numbers and of rational numbers,
respectively.
2.2. Let g be a finite-dimensional simple Lie algebra over a field K ⊇ Q and A =
(aij)i,j∈I be an associated Cartan matrix. Let di be relatively prime positive integers
such that diaij = djaji for i, j ∈ I. Let Π = {αi | i ∈ I} be the set of simple roots,
Q =
⊕
i∈I Zαi root lattice, Q
+ =
⊕
i∈I Nαi positive root lattice, Λ weight lattice, and
Λ+ the set of dominant weights. Let Φ be the set of roots and Φ+ positive roots. Let
Q(r, s) be the rational functions field in two variables r, s over Q. Let ri = r
di, si = s
di
for i ∈ I. Now let K ⊇ Q(r, s) be a field such that (rs−1)
1
m ∈ K for some m ∈ Z+ such
that mΛ ⊆ Q for the possibly smallest positive integer m. We always assume that rs−1
is not a root of unity. Let 〈−,−〉 be the Euler bilinear form on Q×Q defined by
〈i, j〉 := 〈αi, αj〉 =


diaij i < j,
di i = j,
0 i > j.
(3)
For λ ∈ Λ, we linearly extend the bilinear form 〈−,−〉 to be defined on Λ×Λ such that
〈λ, i〉 = 1
m
∑n
j=1 aj〈j, i〉, or 〈i, λ〉 =
1
m
∑n
j=1 aj〈i, j〉 for λ =
1
m
∑
j ajαj with aj ∈ Z.
Definition 4 (Hu-Pei [11]). The two-parameter quantum group Ur,s(g) is a unital
associative algebra over K generated by ei, fi, ω
±1
i , ω
′±1
i , i ∈ I, subject to the relations:
(R1) ω±1i ω
∓1
i = ω
′±1
i ω
′∓1
i = 1,
(R2) [ωi, ωj] = [ω
′
i, ω
′
j] = [ωi, ω
′
j] = 0,
(R3) ωiej = r
〈j,i〉s−〈i,j〉ejωi, ω
′
iej = r
−〈i,j〉s〈j,i〉ejω
′
i.
(R4) ωifj = r
−〈j,i〉s〈i,j〉fjωi, ω
′
ifj = r
〈i,j〉s−〈j,i〉fjω
′
i.
(R5) eifj − fjei = δi,j
ωi − ω
′
i
ri − si
.
(R6)
1−aij∑
k=0
(−1)k
(
1− aij
k
)
ris
−1
i
c
(k)
ij e
1−aij−k
i ej e
k
i = 0, (i 6= j),
(R7)
1−aij∑
k=0
(−1)k
(
1− aij
k
)
ris
−1
i
c
(k)
ij f
k
i fj f
1−aij−k
i = 0, (i 6= j),
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where
c
(k)
ij = (ris
−1
i )
k(k−1)
2 rk〈j,i〉s−k〈i,j〉, for i 6= j.
The algebra Ur,s(g) has a Hopf algebra structure with the comultiplication, the counit
and the antipode given by:
∆(ω±1i ) = ω
±1
i ⊗ ω
±1
i , ∆(ω
′
i
±1
) = ω′i
±1
⊗ ω′i
±1
,
∆(ei) = ei ⊗ 1 + ωi ⊗ ei, ∆(fi) = 1⊗ fi + fi ⊗ ω
′
i,
ε(ω±1i ) = ε(ω
′
i
±1
) = 1, ε(ei) = ε(fi) = 0,
S(ω±1i ) = ω
∓1
i , S(ω
′
i
±1
) = ω′i
∓1
,
S(ei) = −ω
−1
i ei, S(fi) = −fi ω
′
i
−1
.
Let U+r,s (respectively, U
−
r,s) be the subalgebra of Ur,s := Ur,s(g) generated by the
elements ei (respectively, fi) for i ∈ I, and U
0
r,s the subalgebra of Ur,s generated by
ω±1i , ω
′±1
i for i ∈ I. Moreover, let U
≥0
r,s (respectively, U
≤0
r,s ) be the subalgebra of Ur,s
generated by the elements ei, ω
±1
i for i ∈ I (respectively, fi, ω
′±1
i for i ∈ I). For each
µ ∈ Q (the root lattice of g), we define elements ωµ and ω
′
µ by
ωµ =
∏
i∈I
ωµii , ω
′
µ =
∏
i∈I
ω′µii , for µ =
∑
i∈I
µiαi ∈ Q.
For β ∈ Q+, let
(U±r,s)±β =
{
x ∈ U±r,s
∣∣ωµxω−µ = r〈β,µ〉s−〈µ,β〉x, ω′µxω′−µ = r−〈µ,β〉s〈β,µ〉x, ∀ µ ∈ Q} ,
then
U±r,s =
⊕
β∈Q+
(U±r,s)±β
are Q+-graded.
2.3. Assume that r = s−1 = q, it is clear that Ur,s(g) becomes the one-parameter quan-
tum group Uq,q−1(g) of Drinfel’d-Jimbo type with double group-like elements, which is
a unital associative algebra over K generated by Ei, Fi, K
±1
i , K
′±1
i , (i ∈ I), subject to
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the following relations:
(1) K±1i K
±1
j = K
±1
j K
±1
i , K
±1
i K
∓1
i = K
′±1
i K
′∓1
i = 1,
(2) KiEjK
−1
i = q
aij
i Ej , K
′
iEjK
′−1
i = q
−aij
i Ej,
(3) KiFjK
−1
i = q
−aij
i Fj , K
′
iFjK
′−1
i = q
aij
i Fj,
(4) [Ei, Fj ] = δi,j
Ki −K
′
i
qi − q
−1
i
,
(5)
1−aij∑
k=0
(−1)k
[
1− aij
k
]
qi
E
1−aij−k
i EjE
k
i = 0, i 6= j,
(6)
1−aij∑
k=0
(−1)k
[
1− aij
k
]
qi
F
1−aij−k
i FjF
k
i = 0, i 6= j.
Moreover, it is known that Uq,q−1(g) has a Hopf algebra structure with the comultipli-
cation, the counit and the antipode given by:
∆(K±1i ) = K
±1
i ⊗K
±1
i , ∆(K
′
i
±1
) = K ′i
±1
⊗K ′i
±1
,
∆(Ei) = Ei ⊗ 1 +Ki ⊗ Ei, ∆(Fi) = 1⊗ Fi + Fi ⊗K
′
i,
ε(K±1i ) = ε(K
′
i
±1
) = 1, ε(Ei) = ε(Fi) = 0, (5)
S(K±1i ) = K
∓1
i , S(K
′
i
±1
) = K ′i
∓1
,
S(Ei) = −K
−1
i Ei, S(Fi) = −FiK
′
i
−1
.
By abuse of notation, we denote Uq(g) := Uq,q−1(g). Let U
+
q (respectively, U
−
q ) be
the subalgebra of Uq := Uq(g) generated by the elements Ei (respectively, Fi) for i ∈ I,
and U0q the subalgebra of Uq generated by K
±1
i , K
′±1
i for i ∈ I. Moreover, let U
≥0
q
(respectively, U≤0q ) be the subalgebra of Uq generated by the elements Ei, K
±1
i for
i ∈ I (respectively, Fi, K
′±1
i for i ∈ I). For each µ ∈ Q (the root lattice of g), we
denote Kµ and K
′
µ by
Kµ =
∏
i∈I
Kµii , K
′
µ =
∏
i∈I
K ′µii , for µ =
∑
i∈I
µiαi ∈ Q.
For β ∈ Q+, let
(U±q )±β =
{
x ∈ U±q
∣∣KµxK−µ = q(µ,β)x, K ′µxK ′−µ = q−(µ,β)x, ∀ µ ∈ Q} ,
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then Uq =
⊕
β∈Q(Uq)β is a Q-graded algebra. Moreover, there exists a unique nonde-
generate skew Hopf pairing 〈 , 〉q between U
≤0
q and U
≥0
q , such that
〈Fi, Ej〉q = δi,j
1
q−1i − qi
, (6)
〈xK ′µ, yKν〉q = q
(µ,ν)〈x, y〉q (7)
for any i, j ∈ I, x ∈ U≤0q , y ∈ U
≥0
q , µ, ν ∈ Q. Therefore, Uq has the Drinfel’d double
structure, that is, as Hopf algebras, we have the following isomorphism:
Uq ≃ D(U
≤0
q , U
≥0
q , 〈 , 〉q). (8)
3. Ur,s(g)-module algebra structure over U
+
r,s
Let (H,m, 1,∆, ε, S) be a Hopf algebra over a field k. Recall that an (associative)
algebra A over k an H-module algebra if A has an (left) H-module structure such that
(1) h1A = ε(h)1A, (2) h(ab) =
∑
(h(1)a)(h(2)b),
for h ∈ H , a, b ∈ A with ∆(h) =
∑
h(1) ⊗ h(2). Here the second condition means that
the multiplication is a homomorphism of H-modules.
3.1. Skew derivations. By the definition of coproduct, we have
∆(x) ∈
⊕
0≤ν≤β
(U+r,s)β−νων ⊗ (U
+
r,s)ν , ∀ x ∈ (U
+
r,s)β.
For i ∈ I and β ∈ Q+, define linear maps
∂ˆi, i∂ˆ : (U
+
r,s)β −→ (U
+
r,s)β−αi ,
such that
∆(x) = x⊗ 1 +
∑
i∈I
∂ˆi(x)ωi ⊗ ei + the rest,
∆(x) = ωβ ⊗ x+
∑
i∈I
ei ωβ−αi ⊗ i∂ˆ(x) + the rest.
Here in each case “the rest” refers to terms involving products of more than one ej in
the second (resp. first) factor. Let
∂i :=
1
ri − si
∂ˆi, i∂ :=
1
ri − si
i∂ˆ. (9)
Then we have the following lemma
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Lemma 10. For any i, j ∈ I, x ∈ (Ur,s)
+
β , x
′ ∈ (U+r,s)β′, y ∈ U
−
r,s, we have
(i) ∂i(xx
′) = r〈β
′,αi〉s−〈αi,β
′〉∂i(x) x
′ + x ∂i(x
′),
(ii) i∂(xx
′) = i∂(x) x
′ + r〈αi,β〉s−〈β,αi〉x i∂(x
′),
(iii) 〈fiy, x〉r,s = 〈y, i∂(x)〉r,s,
(iv) 〈yfi, x〉r,s = 〈y, ∂i(x)〉r,s,
(v) fix− xfi = ∂i(x)ωi − ω
′
i i∂(x),
(vi) ∂i j∂ = j∂∂i.
Let ei, ie : U
+
r,s −→ U
+
r,s be defined by
ei(x) = x ei, ie (x
′) = ei x
′, (11)
for any x, x′ ∈ (U+r,s)β. Then
Corollary 12. For any i, j ∈ I, we have
(i) ∂i ej = r
〈j,i〉s−〈i,j〉ej ∂i + δi,j,
(ii) i∂ je = r
〈i,j〉s−〈j,i〉 je i∂ + δi,j.
Proposition 13 (Hu-Pei [11]). For any i 6= j,
1−aij∑
k=0
(−1)k
(
1− aij
k
)
ris
−1
i
c
(k)
ij i∂
1−aij−k
j∂ i∂
k = 0, (14)
1−aij∑
k=0
(−1)k
(
1− aij
k
)
ris
−1
i
c
(k)
ij ∂
k
i ∂j ∂
1−aij−k
i = 0, (15)
where
c
(k)
ij = (ris
−1
i )
k(k−1)
2 rk〈j,i〉s−k〈i,j〉, for i 6= j.
Define two linear operators over U+r,s as follows:
∂i, i∂ : U
+
r,s −→ U
+
r,s
by
∂i(x) = r
−〈αi,β−αi〉s〈β−αi,αi〉i∂(x), ∀ x ∈ (U
+
r,s)β,
i∂(x) = r
−〈β−αi,αi〉s〈αi,β−αi〉∂i(x), ∀ x ∈ (U
+
r,s)β.
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Lemma 16. For any i, j ∈ I, x ∈ (U+r,s)β, x
′ ∈ (U+r,s)β′, we have
∂i(xx
′) = r−〈αi,β
′〉s〈β
′,αi〉∂i(x) x
′ + x ∂i(x
′),
i∂(xx
′) = i∂(x) x
′ + r−〈β,αi〉s〈αi,β〉x i∂(x
′),
∂iej = r
−〈i,j〉s〈j,i〉ej ∂i + δi,j ,
i∂ je = r
−〈j,i〉s〈i,j〉je i∂ + δi,j.
Proposition 17. For any i 6= j, we have
1−aij∑
k=0
(−1)k
(
1− aij
k
)
ris
−1
i
c
(k)
ij ∂i
k
∂j ∂i
1−aij−k
= 0, (18)
1−aij∑
k=0
(−1)k
(
1− aij
k
)
ris
−1
i
c
(k)
ij i∂
1−aij−k
j∂ i∂
k
= 0, (19)
where
c
(k)
ij = (ris
−1
i )
k(k−1)
2 rk〈j,i〉s−k〈i,j〉, for i 6= j.
Proof. By the definition of ∂i, i∂ and Proposition 13. 
3.2. Module algebra structure. For any µ ∈ Q, i ∈ I, x ∈ (U+r,s)β, we define the
action ⊲ by :
ωµ ⊲ x = r
〈β,µ〉s−〈µ,β〉x,
ω′µ ⊲ x = r
−〈µ,β〉s〈β,µ〉x,
ei ⊲ x =
eix− r
〈β,αi〉s−〈αi,β〉xei
ri − si
,
fi ⊲ x = ∂i(x).
Theorem 20. U+r,s is a Ur,s(g)-module algebra.
Proof. First, we show that U+r,s is a Ur,s(g)-module. In fact, for x ∈ (U
+
r,s)β,
(ri − si)(ei ⊲ fj ⊲−fj ⊲ ei⊲)(x)
= (ri − si)ei ⊲ (∂j(x))− fj ⊲ (eix− r
〈β,αi〉s−〈αi,β〉xei)
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= ei∂j(x)− r
〈β−αj ,αi〉s−〈αi,β−αj〉∂j(x)ei − ∂j(eix) + r
〈β,αi〉s−〈αi,β〉∂j(xei)
= ei∂j(x)− r
〈β−αj ,αi〉s−〈αi,β−αj〉∂j(x)ei − (δi,jr
−〈αj ,β〉s〈β,αj〉x+ ei∂j(x))
+ r〈β,αi〉s−〈αi,β〉(δi,jx+ r
−〈j,i〉s〈i,j〉∂j(x)ei)
= δi,j(r
〈β,αi〉s−〈αi,β〉 − r−〈αj ,β〉s〈β,αj〉)(x)
= δi,j(ωi − ω
′
j) ⊲ x.
It is clear that ei satisfies (r, s)-Serre relation (R6). By (18), fi satisfies (r, s)-Serre
relation (R7).
Next, we show that U+r,s is a Ur,s(g)-module algebra. For any x ∈ (U
+
r,s)β, x
′ ∈ (U+r,s)β′,
ωµ ⊲ (xx
′) = r〈β+β
′,µ〉s−〈µ,β+β
′〉xx′ = (ωµ ⊲ x)(ωµ ⊲ x
′),
ω′µ ⊲ (xx
′) = r−〈µ,β+β
′〉s〈β+β
′,µ〉xx′ = (ω′µ ⊲ x)(ω
′
µ ⊲ x
′),
(ri − si)ei ⊲ (xx
′)
= eixx
′ − r〈β+β
′,αi〉s−〈αi,β+β
′〉xx′ei
= (eix− r
〈β,αi〉s−〈αi,β〉xei)x
′ + r〈β,αi〉s−〈αi,β〉x(eix
′ − r〈β
′,αi〉s−〈αi,β
′〉x′ei)
= (ri − si)(ei ⊲ x)(1 ⊲ x
′) + (ri − si)(ωi ⊲ x)(ei ⊲ x
′),
fi ⊲ (xx
′) = ∂i(xx
′) = r−〈αi,β
′〉s〈β
′αi〉∂i(x) x
′ + x ∂i(x
′)
= (fi ⊲ x)(ω
′
i ⊲ x
′) + (1 ⊲ x)(fi ⊲ x
′).
This completes the proof. 
4. Hopf 2-cocycle deformation
Definition 21. Let (H,m, 1,∆, ε, S) be a Hopf algebra over a field k. A bilinear form
σ : H × H −→ k is called a Hopf 2-cocycle for H if it has an inverse σ−1 under the
convolution product, and satisfies the cocycle conditions:∑
σ(a1, b1)σ(a2b2, c) =
∑
σ(b1, c1)σ(a, b2c2), (22)
σ(a, 1) = ε(a) = σ(1, a), ∀ a, b, c ∈ H. (23)
Following Doi-Takeuchi [7] and Majid [13], one can construct a new Hopf algebra
structure (Hσ, mσ, 1,∆, ε, Sσ) on the coalgebra (H,∆, ε). The new multiplication mσ
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is given by
mσ(a⊗ b) =
∑
σ(a1, b1)a2b2σ
−1(a3, b3). (24)
The new antipode Sσ is given by
Sσ(a) =
∑
σ−1(a1, S(a2))S(a3)σ(S(a4), a5), ∀ a ∈ H. (25)
Proposition 26. Assume that rs−1 = q2. Let σ : Uq(g) × Uq(g) −→ K be a bilinear
map defined as
σ(x, y) =


r
〈ν,µ〉
2 s−
〈µ,ν〉
2 , ∀ x = Kµ, or K
′
µ, y = Kν , or K
′
ν , µ, ν ∈ Q,
0, otherwise.
(27)
Then σ is a Hopf 2-cocycle on Uq in the sense of Definition 21.
Proof. It is clear that σ satisfies the condition (23). For any homogeneous elements
x, y, z ∈ Uq, if x, y, z ∈ U
0
q , it is clear that σ satisfies the condition (22). If x /∈
U0q , then
∑
σ(y1, z1)σ(x, y2z2) = 0. On the other hand, let a ⊗ b be any one of the
summands in ∆(x), then a ⊗ b /∈ U0q ⊗ U
0
q , that is, a /∈ U
0
q or b /∈ U
0
q . It follows that∑
σ(a, y1)σ(by2, z) = 0. Therefore, σ also satisfies the condition (22). Similarly, we
can prove that σ also satisfies the condition (22) if y /∈ U0q or z /∈ U
0
q . 
Theorem 28. Let rs−1 = q2 and σ be defined as (27). Then, as K-Hopf algebras,
Ur,s(g) ≃ U
σ
q (g),
where Uσq is the new Hopf algebra arising from the deformation by Hopf 2-cocycle σ.
Proof. Let φ : Ur,s(g) −→ U
σ
q (g) be a linear map defined by
φ(ei) = Ei, φ(fi) = (siqi)
−1Fi, φ(ωi) = Ki, φ(ω
′
i) = K
′
i.
It suffices to show that φ is an algebra homomorphism. Note that
∆2(Ki) = Ki ⊗Ki ⊗Ki, ∆
2(K ′i) = K
′
i ⊗K
′
i ⊗K
′
i,
∆2(Ei) = Ei ⊗ 1⊗ 1 +Ki ⊗ Ei ⊗ 1 +Ki ⊗Ki ⊗ Ei,
∆2(Fi) = 1⊗ 1⊗ Fi + 1⊗ Fi ⊗K
′
i + Fi ⊗K
′
i ⊗K
′
i.
Define x ∗ y := mσ(x⊗ y), ∀ x, y ∈ Uq. Then it is easy to check
K±1i ∗K
∓1
i = K
′±1
i ∗K
′∓1
i = 1,
Ki ∗Kj = Kj ∗Ki, K
′
i ∗K
′
j = K
′
j ∗K
′
i, Ki ∗K
′
j = K
′
j ∗Ki.
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By definition, we have
Ki ∗ Ej = σ(Ki, Kj)KiEj = σ(Ki, Kj)q
〈i,j〉+〈j,i〉EjKi
= σ(Ki, Kj)q
〈i,j〉+〈j,i〉σ(Kj , Ki)
−1Ej ∗Ki
= r
〈j,i〉
2 s−
〈i,j〉
2 (rs−1)
〈i,j〉+〈j,i〉
2 r−
〈i,j〉
2 s
〈j,i〉
2 Ej ∗Ki
= r〈j,i〉s−〈i,j〉Ej ∗Ki,
K ′i ∗ Ej = σ(K
′
i, Kj)K
′
iEj = σ(K
′
i, Kj)q
−〈i,j〉−〈j,i〉EjK
′
i
= σ(K ′i, Kj)q
−〈i,j〉−〈j,i〉σ(Kj , K
′
i)
−1Ej ∗K
′
i
= r
〈j,i〉
2 s−
〈i,j〉
2 (rs−1)−
〈i,j〉+〈j,i〉
2 r−
〈i,j〉
2 s
〈j,i〉
2 Ej ∗K
′
i
= r−〈i,j〉s〈j,i〉Ej ∗K
′
i,
Ki ∗ Fj = σ(Ki, Kj)
−1KiFj = σ(Ki, Kj)
−1q−〈i,j〉−〈j,i〉FjKi
= σ(Ki, Kj)
−1q−〈i,j〉−〈j,i〉σ(Kj, Ki)Fj ∗Ki
= r−
〈j,i〉
2 s
〈i,j〉
2 (rs−1)−
〈i,j〉+〈j,i〉
2 r
〈i,j〉
2 s−
〈j,i〉
2 Fj ∗Ki
= r−〈j,i〉s〈i,j〉Fj ∗Ki,
K ′i ∗ Fj = σ(K
′
i, Kj)
−1K ′iFj = σ(K
′
i, Kj)
−1q〈i,j〉+〈j,i〉FjK
′
i
= σ(K ′i, Kj)
−1q〈i,j〉+〈j,i〉σ(Kj, K
′
i)Fj ∗K
′
i
= r−
〈j,i〉
2 s
〈i,j〉
2 (rs−1)
〈i,j〉+〈j,i〉
2 r
〈i,j〉
2 s−
〈j,i〉
2 Fj ∗K
′
i
= r〈i,j〉s−〈j,i〉Fj ∗K
′
i,
Ei ∗ Fj − Fj ∗ Ei = EiFj − FjEi = δi,j
Ki −K
′
i
qi − q
−1
i
.
Next, we will prove
1−aij∑
k=0
(−1)k
(
1− aij
k
)
ris
−1
i
c
(k)
ij E
∗(1−aij−k)
i ∗ Ej ∗ E
∗k
i = 0, (i 6= j),
1−aij∑
k=0
(−1)k
(
1− aij
k
)
ris
−1
i
c
(k)
ij F
∗k
i ∗ Fj ∗ F
∗(1−aij−k)
i = 0, (i 6= j),
where c
(k)
ij = (ris
−1
i )
k(k−1)
2 rk〈j,i〉s−k〈i,j〉. Since
E
∗(1−aij−k)
i ∗Ej∗E
∗k
i = σ(Ki, Ki)
(aij−1)aij
2 σ(Ki, Kj)
1−aij−kσ(Kj , Ki)
kE
1−aij−k
i EjE
k
i
= (ris
−1
i )
(aij−1)aij
2 r
(1−aij−k)〈j,i〉+k〈i,j〉
2 s−
(1−aij−k)〈i,j〉+k〈j,i〉
2 E
1−aij−k
i EjE
k
i
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= (ris
−1
i )
(aij−1)aij
2 (r〈j,i〉s−〈i,j〉)
1−aij
2 (rs)
−k〈j,i〉+k〈i,j〉
2 E
1−aij−k
i EjE
k
i ,
c
(k)
ij (rs)
−k〈j,i〉+k〈i,j〉
2 = (ris
−1
i )
k(k−1)
2 (ris
−1
i )
kaij
2 = q
k(k−1+aij)
i ,
then
1−aij∑
k=0
(−1)k
(
1− aij
k
)
ris
−1
i
c
(k)
ij E
∗(1−aij−k)
i ∗ Ej ∗ E
∗k
i
= (ris
−1
i )
(aij−1)aij
2 (r〈j,i〉s−〈i,j〉)
1−aij
2
1−aij∑
k=0
(−1)k
(
1− aij
k
)
q2i
q
k(k−1+aij)
i E
1−aij−k
i EjE
k
i
= (ris
−1
i )
(aij−1)aij
2 (r〈j,i〉s−〈i,j〉)
1−aij
2
1−aij∑
k=0
(−1)k
[
1− aij
k
]
qi
E
1−aij−k
i EjE
k
i
= 0.
Since
F ∗ki ∗Fj∗F
∗(1−aij−k)
i = σ(K
′
i, K
′
i)
−
(aij−1)aij
2 σ(K ′i, K
′
j)
−kσ(K ′j, K
′
i)
−(1−aij−k)F ki FjF
1−aij−k
i
= (ris
−1
i )
−
(aij−1)aij
2 r−
k〈j,i〉+(1−aij−k)〈i,j〉
2 s
k〈i,j〉+(1−aij−k)〈j,i〉
2 F ki FjF
1−aij−k
i
= (ris
−1
i )
−
(aij−1)aij
2 (r〈i,j〉s−〈j,i〉)−
1−aij
2 (rs)−
k〈j,i〉−k〈i,j〉
2 F ki FjF
1−aij−k
i ,
c
(1−aij−k)
ij (rs)
−(1−aij−k)〈j,i〉+(1−aij−k)〈i,j〉
2
= (ris
−1
i )
(aij−1+k)(aij+k)
2 (ris
−1
i )
(1−aij−k)aij
2 = q
k(k−1+aij)
i .
Then
1−aij∑
k=0
(−1)k
(
1− aij
k
)
ris
−1
i
c
(k)
ij F
∗k
i ∗ Fj ∗ F
∗(1−aij−k)
i
= (ris
−1
i )
−
(aij−1)aij
2 (r〈i,j〉s−〈j,i〉)−
1−aij
2 ×
1−aij∑
k=0
(−1)k
(
1− aij
k
)
q2i
c
(k)
ij (rs)
−
k〈j,i〉−k〈i,j〉
2 F ki FjF
1−aij−k
i
= (ris
−1
i )
−
(aij−1)aij
2 (r〈i,j〉s−〈j,i〉)−
1−aij
2 ×
1−aij∑
k=0
(−1)k
(
1− aij
k
)
q2i
c
(k)
ij (rs)
− k〈j,i〉−k〈i,j〉
2 F ki FjF
1−aij−k
i
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= (ris
−1
i )
−
(aij−1)aij
2 (r〈i,j〉s−〈j,i〉)−
1−aij
2 ×
1−aij∑
k=0
(−1)1−aij−k
(
1− aij
k
)
q2i
c
(1−aij−k)
ij (rs)
−
(1−aij−k)〈j,i〉−(1−aij−k)〈i,j〉
2 F
1−aij−k
i FjF
k
i
= (ris
−1
i )
−
(aij−1)aij
2 (r〈i,j〉s−〈j,i〉)−
1−aij
2
1−aij∑
k=0
(−1)k
(
1− aij
k
)
q2
i
q
k(k−1+aij)
i F
1−aij−k
i FjF
k
i
= (ris
−1
i )
−
(aij−1)aij
2 (r〈i,j〉s−〈j,i〉)−
1−aij
2
1−aij∑
k=0
(−1)k
[
1− aij
k
]
qi
F
1−aij−k
i FjF
k
i
= 0.

Remark 29. Let rs−1 = q2 and σ′ : Uq(g)×Uq(g) −→ K be a bilinear form defined as
σ′(x, y) =


( q
r
)〈µ,ν〉, ∀ x = Kµ, or K
′
µ, y = Kν , or K
′
ν , µ, ν ∈ Q,
0, otherwise.
Similarly, one can check directly that σ′ is also a Hopf 2-cocycle of Uq(g). In fact, σ
and σ′ are cohomologous Hopf 2-cocycles in the sense of Majid [13].
5. Bigraded Hopf algebras
Lemma 30 ([2]). Let A =
⊕
g∈GAg be a G-graded associative algebra over a field
k, where G is an abelian group. Let ψ : G × G → k∗ be a 2-cocycle of group G. We
introduce a new multiplication · on A as follows: For any x ∈ Ag, y ∈ Ah, where
g, h ∈ G, we define
x · y = ψ(g, h) x y.
Denote this new algebra by Aψ. Then Aψ is a G-graded associative algebra.
Definition 31 ([9]). Let G = {gi | i ∈ I} be a free abelian group. A Hopf algebra
(A, i,m, ε,∆, S) over a field k is a G-bigraded Hopf algebra if it is equipped with a
G×G-grading
H =
∑
(α,β)∈G×G
Hα,β
such that
k ⊆ H0,0,
Hα,βHα′,β′ ⊂ Hα+α′,β+β′,
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∆(Hα,β) ⊂
∑
γ∈G
Hα,γ ⊗H−γ,β,
ε(Hα,β) = 0, for α 6= −β,
S(Hα,β) ⊂ Hβ,α.
Let σ : G × G → k∗ be a skew bicharacter over G. Then one can define σ˜ :
(G×G)× (G×G) −→ k∗ such that
σ˜((α, β), (α′, β ′)) = σ(α, α′)σ(β, β ′)−1.
It is clear that σ˜ is a 2-cocycle of group G×G. Let (H, 1, m, ε,∆, S) be a G-bigraded
Hopf algebra. Define a new product ◦ as
a ◦ b = σ˜((α, β), (α′, β ′))ab = σ(α, α′)σ(β, β ′)−1ab, ∀ a ∈ Aα,β, b ∈ Aα′,β′ .
Then Hσ := (H, 1, ◦, ε,∆, S) is a G-bigraded Hopf algebra [9].
5.1. For any i ∈ I and µ ∈ Q, define
Ei ∈ (Uq)αi,0, Fi ∈ (Uq)0,−αi , Ki ∈ (Uq)αi,−αi, K
′
i ∈ (Uq)αi,−αi .
It is clear that Uq(g) is a Q-bigraded Hopf algebra.
Assume that ris
−1
i = q
2di , ∀ i ∈ I. Let
pij = r
〈j,i〉s−〈i,j〉q−diaij . (32)
Then
pii = 1, pijpji = 1, ∀ i, j ∈ I. (33)
Proposition 34. Let ζ : Q × Q → K∗, ζ(αi, αj) = p
1
2
ij, ∀ i, j ∈ I. Then ζ is a skew
bicharacter on Q. As Q-bigraded Hopf algebras, we have
Uq,ζ(g) ≃ Ur,s(g). (35)
Proof. It suffices to check the following relations:
Ki ◦ Ej = ζ(αi, αj)ζ
−1(−αi, 0)KiEj
= ζ(αi, αj)q
diaijζ(αj, αi)
−1Ej ◦Ki
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= pijq
diaijEj ◦Ki
= r〈j,i〉s−〈i,j〉Ej ◦Ki,
K ′i ◦ Ej = ζ(αi, αj)ζ
−1(−αi, 0)K
′
iEj
= ζ(αi, αj)q
−diaijζ(αj, αi)
−1Ej ◦K
′
i
= pijq
−diaijEj ◦K
′
i
= r−〈i,j〉s〈j,i〉Ej ◦Ki,
Ki ◦ Fj = ζ(αi, 0)ζ
−1(−αi,−αj)KiFj
= ζ−1(αi, αj)q
−diaijζ(αj, αi)Fj ◦K
′
i
= p−1ij q
−diaijFj ◦K
′
i
= r−〈j,i〉s〈i,j〉Fj ◦K
′
i,
K ′i ◦ Fj = ζ(αi, 0)ζ
−1(−αi,−αj)K
′
iFj
= ζ−1(αi, αj)q
diaijζ(αj, αi)Fj ◦K
′
i
= pjiq
diaijFj ◦K
′
i
= r〈i,j〉s−〈j,i〉Fj ◦K
′
i,
Ei ◦ Fj − Fj ◦ Ei = EiFj − FjEi = δi,j
Ki −K
′
i
qdi − q−di
.
Since
E
◦(1−aij−k)
i ◦ Ej ◦ E
◦k
i = p
1−aij
2
ij p
−k
ij E
1−aij−k
i EjE
k
i ,
1−aij∑
k=0
(−1)k
(
1− aij
k
)
ris
−1
i
c
(k)
ij E
◦(1−aij−k)
i ◦ Ej ◦ E
◦k
i
=
1−aij∑
k=0
(−1)k
(
1− aij
k
)
ris
−1
i
(ris
−1
i )
k(k−1)
2 rk〈j,i〉s−k〈i,j〉p
1−aij
2
ij p
−k
ij E
1−aij−k
i EjE
k
i
= p
1−aij
2
ij
1−aij∑
k=0
(−1)k
(
1− aij
k
)
q2di
qdik(k−1)rk〈j,i〉s−k〈i,j〉p−kij E
1−aij−k
i EjE
k
i
= p
1−aij
2
ij
1−aij∑
k=0
(−1)k
(
1− aij
k
)
q2di
qdik(k−1+aij)E
1−aij−k
i EjE
k
i
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= p
1−aij
2
ij
1−aij∑
k=0
(−1)k
[
1− aij
k
]
qi
E
1−aij−k
i EjE
k
i
= 0.
Similarly,
F ◦ki ◦ Fj ◦ F
◦(1−aij−k)
i = p
1−aij
2
ij p
−k
ij F
k
i FjF
1−aij−k
i .
Then
1−aij∑
k=0
(−1)k
(
1− aij
k
)
ris
−1
i
c
(k)
ij F
◦k
i ◦ Fj ◦ F
◦(1−aij−k)
i
=
1−aij∑
k=0
(−1)k
(
1− aij
k
)
ris
−1
i
(ris
−1
i )
k(k−1)
2 rk〈j,i〉s−k〈i,j〉p
1−aij
2
ij p
−k
ij F
k
i FjF
1−aij−k
i
= p
1−aij
2
ij
1−aij∑
k=0
(−1)k
(
1− aij
k
)
q2di
qdik(k−1+aij)F ki FjF
1−aij−k
i
= p
1−aij
2
ij
1−aij∑
k=0
(−1)k
[
1− aij
k
]
qi
F ki FjF
1−aij−k
i
= p
1−aij
2
ij
1−aij∑
k=0
(−1)k
[
1− aij
k
]
qi
F
1−aij−k
i FjF
k
i
= 0.
This completes the proof. 
As a corollary, we recover a result in [11].
Corollary 36 ([11]). Let U±q,ζ be the deformation of U
±
q by ζ. Then, as Q-graded
algebras, we have
U±r,s ≃ U
±
q,ζ .
Remark 37. When g is of type Dn, Ur,s(Dn) is slightly different from U
′
r,s(Dn) defined
in [3]. In fact, they are related by a Q-bigraded deformation.
For example, for type D4, we have
Ur,s(D4)→


rs−1 r−1 1 1
s rs−1 r−1 r−1
1 s rs−1 1
1 s 1 rs−1

 , U ′r,s(D4)→


rs−1 r−1 1 1
s rs−1 r−1 r−1
1 s rs−1 (rs)−1
1 s rs rs−1

 .
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It suffices to set
(pij) =


1 1 1 1
1 1 1 1
1 1 1 (rs)−1
1 1 rs 1

 .
In general, for type Dn, it suffices to take pij = (rs)
δi,nδj,n−1−δi,n−1δj,n.
5.2. As applications, we will give a new and simple proof for the existence of non-
degenerate skew Hopf pairing on Ur,s(g).
Proposition 38. Let 〈, 〉q be the skew Hopf pairing on Uq(g). Define a bilinear form
as follows:
〈 , 〉q,ζ : U
≤0
q,ζ × U
≥0
q,ζ −→ K
〈y, x〉q,ζ = ζ(β, α)
−1ζ(β ′, α′)−1〈y, x〉q, ∀ x ∈ (U
≥0
q,ζ )α,α′ , y ∈ (U
≤0
q,ζ )β,β′ .
Then 〈 , 〉q,ζ is a unique nondegenerate skew Hopf pairing on Ur,s(g).
Proof. It is clear that 〈 , 〉q,ζ is unique and nondegenerate since 〈 , 〉q is nondegenerate.
〈K ′i, Kj〉q,ζ = ζ(αi, αj)
−2〈K ′i, Kj〉q = p
−1
ij q
diaij
= pjiq
diaij = r〈i,j〉s−〈j,i〉q−diaijqdiaij = r〈i,j〉s−〈j,i〉,
〈Fi, Ej〉q,ζ = 〈Fi, Ej〉q = δi,j
−1
qi − q
−1
i
.
For any y ∈ (U≤0q,ζ )β,γ, xi ∈ (U
≥0
q,ζ )βi,γi , we have
〈y, x1 ◦ x2〉q,ζ = ζ(β, β1 + β2)
−1ζ(γ, γ1 + γ2)
−1ζ(β1, β2)ζ(γ1, γ2)
−1〈y, x1x2〉q
= ζ(β, β1 + β2)
−1ζ(γ, γ1 + γ2)
−1ζ(β1, β2)ζ(γ1, γ2)
−1〈y1, x2〉q〈y2, x1〉q,
where ∆(y) =
∑
y1 ⊗ y2, y1 ∈ (U
≤0
q,ζ )β,ν, y2 ∈ (U
≤0
q,ζ )−ν,γ with ν ∈ Q.
On the other hand,
〈y1, x2〉q,ζ〈y2, x1〉q,ζ = ζ(β, β2)
−1ζ(ν, γ2)
−1〈y1, x2〉qζ(−ν, β1)
−1ζ(γ, γ1)
−1〈y2, x1〉q
= ζ(β, β2)
−1ζ(ν, γ2)
−1ζ(−ν, β1)
−1ζ(γ, γ1)
−1〈y1, x2〉q〈y2, x1〉q.
Since β + ν + β2 + γ2 = 0, γ − ν + β1 + γ1 = 0,
ζ(β, β2)
−1ζ(ν, γ2)
−1ζ(−ν, β1)
−1ζ(γ, γ1)
−1
= ζ(β, β2)
−1ζ(β1 + γ1 + γ, γ2)
−1ζ(β2 + γ2 + β, β1)
−1ζ(γ, γ1)
−1
= ζ(β, β1 + β2)
−1ζ(γ, γ1 + γ2)
−1ζ(β1, β2)ζ(γ1, γ2)
−1.
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Hence, 〈y, x1 ◦ x2〉q,ζ = 〈y1, x2〉q,ζ〈y2, x1〉q,ζ. Similarly,
〈y1 ◦ y2, x〉q,ζ = ζ(β1 + β2, β)
−1ζ(γ1 + γ2, γ)
−1ζ(β1, β2)ζ(γ1, γ2)
−1〈y1y2, x〉q
= ζ(β1 + β2, β)
−1ζ(γ1 + γ2, γ)
−1ζ(β1, β2)ζ(γ1, γ2)
−1〈y1, x1〉q〈y2, x2〉q,
where ∆(x) =
∑
x1 ⊗ x2, x1 ∈ (U
≥0
q,ζ )β,ν, x2 ∈ (U
≥0
q,ζ )−ν,γ. Since
〈y1, x1〉q,ζ〈y2, x2〉q,ζ = ζ(β1, β)
−1ζ(γ1, ν)
−1ζ(β2,−ν)
−1ζ(γ2, γ)
−1〈y1, x1〉q〈y2, x2〉q.
Since β1 + γ1 + β + ν = 0, β2 + γ2 + γ − ν = 0,
ζ(β1, β)
−1ζ(γ1, ν)
−1ζ(β2,−ν)
−1ζ(γ2, γ)
−1
= ζ(β1, β)
−1ζ(γ1, β2 + γ2 + γ)
−1ζ(β2, β1 + γ1 + β)
−1ζ(γ2, γ)
−1
= ζ(β1 + β2, β)
−1ζ(γ1 + γ2, γ)
−1ζ(β1, β2)ζ(γ1, γ2)
−1.
Hence, 〈y1 ◦ y2, x〉q,ζ = 〈y1, x1〉q,ζ〈y2, x2〉q,ζ. 
Corollary 39. Let 〈 , 〉r,s be the skew Hopf pairing on Ur,s(g) constructed in [11] (see
also [5, 3]), we have 〈 , 〉q,ζ = 〈 , 〉r,s.
6. Deformed representation theory
In the above sections, we considered Ur,s(g) as a deformation structure of Uq,q−1(g).
Correspondingly, we continue to consider Ur,s(g)-modules as the deformation structure
of Uq,q−1(g)-modules. To this end, we need to extend the definitions of (skew)bicharacter
ζ or pij to be defined on Λ × Λ such that ζ(λ, αi) = Π
n
j=1ζ(αj, αi)
aj
m = ζ(αi, λ)
−1, or
pλ,αi = Π
n
j=1(p
1
m
ji )
aj for λ = 1
m
∑
j ajαj ∈ Λ.
Definition 40. The category Or,s consists of finite-dimensional Ur,s(g)-modules V
r,s
(of type 1) satisfying the following conditions:
(1) V r,s has a weight space decomposition V r,s =
⊕
λ∈Λ V
r,s
λ , where
V r,sλ = {v ∈ V
r,s | ωiv = r
〈λ,αi〉s−〈αi,λ〉v, ω′iv = r
−〈αi,λ〉s〈λ,αi〉v, ∀ i ∈ I}
and dimV r,sλ <∞ for all λ ∈ Λ.
(2) there exist a finite number of weights λ1, . . . , λt ∈ Λ such that
wt(V r,s) ⊂ D(λ1) ∪ · · · ∪D(λt),
where D(λi) := {µ ∈ Λ | µ < λi}. The morphisms are taken to be usual Ur,s(g)-module
homomorphisms.
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Let r = q and s = q−1, we get the category Oq = Oq,q
−1
.
Proposition 41. Let V q ∈ Ob(Oq), Then V q has a natural Uq,ζ(g)-module structure.
x ·ζ v = ζ(α− β, λ)ζ(α, β)x.v, ∀ x ∈ (Uq)α,β, ∀ v ∈ V
q
λ .
Denote this module by V q,ζ.
Proof. By the definition above,
Ki ·ζ v = ζ(2αi, λ)Ki.v = pαiλq
(αi,λ)v = r〈λ,αi〉s−〈αi,λ〉v,
K ′i ·ζ v = ζ(2αi, λ)K
′
i.v = pαiλq
−(αi,λ)v = p−1λαiq
−(αi,λ)v = r−〈αi,λ〉s〈λ,αi〉v,
Ei ·ζ v = ζ(αi, λ)Ei.v,
Fi ·ζ v = ζ(αi, λ)Fi.v.
For any v ∈ V qλ and i ∈ I,
Ki ·ζ (Ej ·ζ (K
−1
i ·ζ v)) = r
〈j,i〉s−〈i,j〉ζ(αj, λ)Ej .v = (Ki ◦ Ej ◦K
−1
i ) ·ζ v.
Similarly, we can check the other relations. 
Let Oq,ζ be the category consisting of Uq,ζ(g)-modules V
q,ζ.
Theorem 42. As braided tensor categories, Oq is equivalent to Oq,ζ .
Proof. Let F ζ : V q −→ V q,ζ be the functor between the categories Oq and Oq,ζ. For
any V q, V ′q ∈ Ob(Oq), there exists an isomorphism of Uq,ζ(g)-modules
ξV q,V ′q : (V
q ⊗ V ′q)ζ −→ V q,ζ ⊗ V ′q,ζ ,
where
ξV q,V ′q(v ⊗ v
′) = ζ(µ′, µ)v ⊗ v′, ∀ v ∈ V qµ , v
′ ∈ V ′qµ′ .
Assume that v ⊗ v′ ∈ (V q ⊗ V ′q)ζλ, where µ+ µ
′ = λ. Then
ξV q ,V ′q(x ·ζ (v ⊗ v
′)) = ζ(α− β, λ)ζ(α, β)ξV q ,V ′q(x.(v ⊗ v
′))
= ζ(α− β, λ)ζ(α, β)ξV q ,V ′q(∆(x)(v ⊗ v
′))
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= ζ(α− β, λ)ζ(α, β)ξV q,V ′q
(∑
γ
xα,γ .v ⊗ x−γ,β.v
′
)
= ζ(α− β, µ+ µ′)ζ(α, β)
(∑
γ
ζ(µ′ + β − γ, µ+ α + γ)xα,γ .v ⊗ x−γ,β.v
′
)
= ζ(µ′, µ)ζ(α, µ)ζ(µ′, β)
(∑
γ
ζ(µ+ µ′ + α + β, γ)xα,γ.v ⊗ x−γ,β.v
′
)
.
On the other hand,
x ·ζ (ξV q,V ′q(v ⊗ v
′)) = ζ(µ, µ′)x ·ζ (v ⊗ v
′)
= ζ(µ′, µ)
(∑
xα,γ ·ζ v ⊗ x−γ,β ·ζ v
′
)
= ζ(µ′, µ)
(∑
γ
ζ(α− γ, µ)ζ(α, γ)ζ(−γ − β, µ′)ζ(−γ, β)xα,γ.v ⊗ x−γ,β.v
′
)
= ζ(µ′, µ)ζ(α, µ)ζ(µ′, β)
(∑
γ
ζ(µ+ µ′ + α + β, γ)xα,γ.v ⊗ x−γ,β.v
′
)
.
Hence,
ξV q,V ′q(x ·ζ (v ⊗ v
′)) = x ·ζ (ξV q ,V ′q(v ⊗ v
′)).
That is, ξV q,V ′q is a homomorphism of Uq,ζ-modules. It is straightforward to prove
that ξV q ,V ′q is an isomorphism. Next, we shall show that the functor F
ζ preserves the
braiding of Oq. For any V q, V ′q ∈ Ob(Oq), we define
Rq,ζ
V q,ζ ,V ′q,ζ
:= ξV ′q ,V q ◦R
q
V q,V ′q ◦ ξ
−1
V q,V ′q .
Then Rq,ζ
V q,ζ ,V ′q,ζ
: V q,ζ ⊗ V ′q,ζ −→ V ′q,ζ ⊗ V q,ζ is an isomorphism in Oq,ζ and Rq,ζ
V q,ζ ,V q,ζ
satisfies
Rq,ζ12 R
q,ζ
23 R
q,ζ
12 = R
q,ζ
23 R
q,ζ
12 R
q,ζ
23 .
This completes the proof. 
Corollary 43. As braided tensor categories, we have the following equivalence.
Oq ≃ Or,s. (44)
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